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ABSTRACT 
Some combinatorial properties of a summation operator T on a complex 
Banach algebra ‘u with identity e, are exhibited through the use of an inner deriva- 
tion iiZD on b(%), the algebra of all bounded linear operators on 2l. On applying D 
to Tone can, through finite induction arguments, obtain some new combinatorial 
identities and prove some known ones, in particular those identities closely 
related to Stirling numbers of the second kind. 
1. INTRODUCTION 
Let BI be a complex Banach algebra with identity e. ‘$1 need not be 
commutative. Denote by 23(2l) the algebra of all bounded linear operators 
mapping 2t into 91. 
A summation operator on 91 is an element T of d(Yl), satisfying the 
identity 
TX . Ty = T( TX . y + x . Ty - xy) 
for all x and y in ‘u. 
(1.1) 
Analytical and spectral properties of such an operator T have been 
studied by J. B. Miller [6] and [7], who extended the work started by 
G. Baxter [2] and continued by J. G. Wendel [ll], J. F. C. Kingman [5] 
and F. V. Atkinson [l]. More recently an operator closely related to T 
was studied by Gian-Carlo Rota [9], using purely algebraic methods. 
Here we show how summation operators can be used to obtain some 
new combinatorial identities and prove some known ones, in particular 
those identities closely related to Stirling numbers of the second kind. We 
make extensive use of inner derivations on ‘$@!I), that is, operators DK 
defined by 
D,(X) = KX - XK (1.2) 
for some given K and all X in !23(2I). 
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2. SUMMATION OPERATORS AND COMBINATORIAL IDENTITIES 
Write t = Te, and R,x = xt, for all x E ‘%. We note that Rt E 23(%). 
If we put y = e in (1. I), we obtain 
or 
Tx.t = T(Tx+xt-xx) 
(2.1) 
(RtT - TR,) x = (T2 - T) x 
for all x in 2I. By (1.2), then, we have 
D,,(T) = T2 - T. (2.2) 
We shall henceforth write D without suffix to mean DRt . 
Since ID is an inner derivation on ?B(%) we have 
D(T2) = 2T. D(T) = 2(T3 - T2) 
by (2.2). We note that T commutes with D(T). Clearly 
D(P) = nT”-VLD(T) = nT’“+l - nT” (2.3) 
for all integers n 3 1. Using (2.3) we can write down D”(T) recursively. 
Thus 
D(T) = T2 - T, 
D2(T) = 2T3 - 3T2 + T, 
D3(T) = 6T4 - 12T3 + 7T2 - T, 
D4(T) = 24T5 - 60T4 + 50T3 - 15T2 + T, 
W(T) = 120T6 - 360T5 + 390T4 - 180T3 + 31T2 - T, 
and so on. Write 
D”(T) = i (-I)+* $$Tp+l 
p=0 
(2.4) 
for IZ > 0, where for n = 0 we take Do = 0. By applying D to both sides 
of (2.4) and using (2.3) we get 
a’“’ - P pap + (P - 1) .gy) (2.5) 
for p = I,2 ,..., n + 1, with uII”,;” = 0. 
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THEOREM 1. We have 
for p = 0, 1, 2 ,..., n. 
Proof. For p = 0, from D(T) = T2 - T, we have ai” = 1; a:“’ = 1 
then follows by induction with the help of (2.5). 
Next, we find, for all integers n 3 1, 
ap’ = 2” - 1 2 
a’“’ = _ = - 3 3” 271il + 1 3” 2.2” + 1, 
again, proving each by induction, using (2.5). 
We now assume 
a:$ = z. C-1)’ ( F)(P - r + 1)” (2.7) 
true for some given n and for 1 < p < n - 1. First we note that (2.7) is 
just (2.6) with s = p - r. By (2.5) we have 
ag;;l) = (p + 1) a:$ + par) 
= (p + 1) & (-1)’ (;)(P - r + 1)” 
+ p 1.1 (- 1)’ (P ; ‘)(P - rY 
=( 1 “0 (p + l)“+l + i C-1)’ (p - r + 1)” r=1 
x [(P + II(;) -P (‘: z :)I 
= g, (- 1)’ ( :)(P - r + lP+l. 
For p = n, we have 
ah) f n+1 = n. (2.8) 
true for all n >, 1 by induction, using (2.5), this completes the proof of 
the theorem. 1 
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COROLLARY 1. For all p > 0 we have 
to (- op+ (; )(s + 1)P = p!. 
i” (-l)P-” i; )(S + 1)Pfl = (p ; 2)! ) 
to (-I>“-” (;)(s + 1)“1-2 = (P2?. ;)! (3p + 9, 
(2.9) 
(2.10) 
(2.11) 
and 
to (-l)p-” (;)(s + 1P+3 = (P24sI ;)! (p + l)(p + 2). (2.12) 
Proof. (2.9) is just (2.8) with p = n. Like (2.8) identities (2.10) to 
(2.12) can be proved by induction with the help of (2.5). Thus we have 
a’n’ = (n + I) !  
n 2 
atn) = ‘n2$. :I! (3n _ 2) 
n-1 (n 3 21, 
and 
a;c?2 - (n + l)! 24 . 3 (n - 2)(n - 1) (n >, 3), 
where we take p = n - 1, n - 2, and n - 3, respectively. 1 
REMARK. Identity (2.9) alone appears to be known (cf. [3, p. 641, for 
example). In fact we shall see later that 
$ (6W” (%)(s + k)P = p! 
for all k 2 0. 
3. SUMMATION OPERATORS AND STIRLING NUMBERS 
For arbitrary variable x we define the factorial of degree n to be 
(x), = x(x - 1)(x - 2) ... (x - n + 1) (3.1) 
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For non-negative integer n and positive x we have on multiplying out the 
right-hand side of (3.1), 
(x), = f &nxk, 
k=l 
so that Son = 0, Snn = 1, and S,‘n = 0 for k > n, and, for all n 3 1, the SIcn 
are called Stirling numbers of the first kind, and can be shown (cf. [8, 
Ch. 2, $71, for example) to be recursively given by 
Sn+l = Sn - ffs.” I, L-1 h (n 2 1). 
On the other hand, we can reverse the process of expanding factorials 
into polynomials, and express powers of x in terms of factorials, as 
follows 
x = (x)1 = q(x)1 ) 
x2 = (x)1 + (x)2 = y?YX)l + %2(42 . 
X3 = (X)1 + 3(X)2 + (X)3 = yl’(X)l + 92’(X), + 933(X)3 “’ 
and so on. Inductively, we have 
(3.2) 
we take Pan = 0 and .Y” n+P = 0 for p > 0 and n > 1. From (3.2) it 
follows that 
(a) Ynn = 1 on equating coefficients of xn on both sides, 
(b) ,y1” = 1 on putting x = 1. 
The Yhn’s are called the Stirling numbers of the second kind, and it can 
be shown [4] that the relation 
Y ;t+” = kcYkn + sP;-l (3.3) 
gives the YkVE’s recursively. We note that (3.3) is somewhat similar to (2.5). 
Next, we have 
a:“’ zz 1 = yy+1 (n > 1). 
Also on putting k = 2 = p in (3.3) and (2.5) we find 
58za/I1/3-2 
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and, hence, that 
,4P,n = 211-l - 1 = $” (-1)’ (;)(2 - y)n-l (n 3 1). 
We now assume 
a”“’ = (k - I)! y;+1 
h 
for some given n and 1 < k < n + 1. Then 
.;+l) = kap’ + (k - 1) a::; 
= k! Y;+l + (k - l)! 9’“;:; 
= (k - 1) ! {kY;+l + ,9’;‘;} 
= (k - 1) ! Y;+2 
For k = rz + 2, we have 
a’n+l’ = (n + l)! YE;; 11+2 
for 1 < k < n + 2, 
from (2.5) 
for 1 .<k<n+l, 
from (3.4) 
by (3.3). 
(n + l>!, 
(3.4) 
which is true for all n > 1, as we have seen. Thus (3.4) holds for all n > 1 
and 1 < k < n + 1. From (3.4) we then deduce 
Ykn = (k A I)! T=O 
‘2 (-1)’ (” ; ‘j(k - r)n-l, 
or equivalently 
Y,% = & i (- 1)’ ( 5 j(k - Y)“, 
. r=o 
(3.5) 
for 1 < k < n. We note that (3.5) is a well-known formula for Stirling 
numbers of the second kind. 
By (3.4) and (2.4) we have 
W(T) = i (-1)-p 
‘p=O 
yn+lT~+l 
P+l (3.6) 
for all n > 0, where, as before, Do = 0. 
THEOREM 2. For Stirling numbers of the second kind we have the 
relation 
i. (-I)‘“-“p! LY;=; = 0. (3.7) 
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Proof. Put T G Z, the identity operator, in (3.6), since lis a summation 
operator for which f = e, Rt = I and D = 0. 1 
REMARK. A formula, equivalent to (3.7) is proved by other means in 
Jordan [4, p. 1891. 
We now consider the case W(Tq with k > 1. We have, by (2.3), 
W(P) = k(k + 1) T’:T~ - (k(k + 1) + k2) Tktl + k2TL 
D3(Tk) = k(k + I)(k + 2) TAf3 
- {k(k + l)(k + 2) + k(k + I)” + k”(k + 1)) T”f2 
+ (k(k + 1)” + k2(k + 1) + k3) Tfi’l - k3T” 
and so on. Write 
(3.8) 
For arbitrary variable X define 
Then, since D is a derivation, we have 
p,,,(T) = Dn(Tk) = D[UPl(Tq] 
= WPn-Lkvx 
Hence, by (2.2), 
~n,r(T) = PLAT)(T~ - T). (3.9) 
On comparing coefficients of equal powers of Tin (3.9) we obtain 
~2~ = (k + P> cpY$) + (k + p - I) c&y1 (3.10) 
for k > 1 and 0 < p < n. We note that CL;” = 0 and c&2’ = 0. 
As above, simple inductive arguments yield 
($?z) = 
k+Z, ( 
k +; - ‘) i. (-1)’ (f )(k + P - r>n (k > 1) 
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for n 3 1 and 1 < p < n; equivalently 
= (k + P - I)! 
(k - l)! 
= (k+p- l)! 12 C ( n ) cYDrk”-‘, 
(k - I>! r=. r 
(3.12) 
noting that YQr = 0 for all p > r. 
Putting k = 1 in (3.11) we obtain at once 
(3.13) 
for all n 3 p > 1. This relation is known; it is proved by other means in 
Jordan [4, p. 1871. 
Next, for p = n, we deduce from (3.12) that 
cp$ = k(k + 1) ..- (k + n - 1) = (k + n - l)n , 
whence, by (3.1 l), 
$(-I)“-‘(:)(S+k).=n! 
for all integers k > 1. 
REMARK. If we use (cf. [3, p. 65, Problem 161 
then (3.14) can be shown to hold for all k > 0. 
THEOREM 3. For all integers k 2 1 
go (-1)-p (k + p - l), i (;) 9’9Tk”--T = 0. 
r=0 
(3.14) 
Proof. Put T = lin (3.8) with c&L as given by (3.12). 1 
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